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A number of problems of nomteady gravity seepage connected 
with water storage and irrigation over homogeneous strata have been 
solved by P. Ya. Polubarinova-Kocnina [1, 2], N. N. Verigin [3,,t], 
S. F. Aver'yanov [5], and others, liowever, less attention has been 
paid to ground-water flow in strata with variable properties, even 
though these are more common in nature. Of special interest [ti] is 
is the flow model in which the permeability parameters are treated 
as piecewise-constant over the length of the bed. 

Let us divide an aquifer of finite length I into two zones of dif- 
Ierent composition: zone 1 (0 <_ X ~ ll) with permeability parameters 

: k .  and al : a;. and  one _< •  )with : , .  and : .  
(Fig. 1). The impermeable base stratum is horizontal. The depth of 
the steady ground-water flow under natural conditions is known from 
observations. 
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Fig. 1 

Let us assume that the water table rises instanter: onsly Ironi ho 

to Yo at x = 0, and from h b to Yb at x = L as a result of tile c.onstruc- 
lion of a reservoir. At the same time, because of nonuniform irriga- 
tion the ground-water flow in zone 1 is supplemented at a rate w~, 
and in zone 2 at a rate w~. We further assume that the depth ot water 
at the outside edges of the aquifer and the rates of suppiemeotary Ul- 

filtration w[ aud 'w[ remain constant in time. 
It is required to find the depth of the ground-water flow under me 

given conditions. 
It is known [4] that the Boussinesq equation for one-dimensional 

nonsteady gravity filtration over a horizontal impermeable stratum, 
linearized by the Bagrov-Yerigin method, coincides with the equation 
of heat condnction and takes the form 

02// Oft 

(u ~ hz kh~ wh" 
,. -if-' "~=-V- '  ~ S v ) '  (l) 

Here h is the variable depth (head) of tile ground water, t is time, 
is the soil saturation deficit in the aeration zone, w is the rate of 

intake of ground water from above, al~d h* i~ some mean flow depth. 
.~tarting from the superpositi0n primiple, wc will iilld Ihe solution 

of the problem In the form 

y ~ l : r , t ) ~ h ~ . l - 1 2 u l l x ,  t) {[i-<" ~ ''< /lJ, 

y~ (,:, t j =-/,~, ~ -i '-'""- (.<'. t) (/~ - :, L ) .  (2)  

ltere y(x, t) is the depth of tile lloll~,tca.d)' gruund-watcr IIOw ill" 
tile presence of a reservoir head and irrigation, time zero t ,: 0 being 
taken as the moment at which these effects ~tart to olYerate. The sub- 
:eripts 1 and 2 relate m the different zones. 

in accordance with (1), the functions u i and % are given by the 
system of equations 

o%:1 Oul 
a~2 ~ + bl "- W (0 < x < l~), 

( a ( ' - ~  j:d~'~ w;~hl ~ w,* ) 

19Zuz Ou2 

/ ~ 2 = ~'-/':~ = ,,.~*hoo ~ .*  ) 
, ~ p~ , b2 p2 = ~ a . ?  . (3) 

The initial condition is 

u~ ~', O) ~ O. u: (~, o) o.  (4) 

The conditions at the outside edges of the stratum are 

uj(0, t~ --=l/~(y0-"--t,o~), u~.(t., O=l~(y l~- -h l~) .  (5) 

The conditions at the interface are 

Ou.~ ] Oui Ou.,. Ouj. ~ k~ ~ . (6 )  

System (3) does not describe all the seepage flow, but only the 
additional nonsteady flow due to the reservoir head and the supple- 
mentary intake along the tength of the bed. In accordance with (2), 
this flow is superposed on the natural steady-state ground-water flow. 

We will solve the system of second-order partial differential 
equations (3) by an operational method [% 8]. As a result of the La- 
place transtormation 

Uj (x, p) ~ i uj (x, tJ e-Pldt ,  (7) 
0 

we get the representative system 

dz U l bl 
at~ "-y~S - -  pUl "t- - 7 = 0  ( O ~ x - % h ) ,  

d"-U., bz 
a.i'- -d.~T" p U .z + - ~  - -  0 ( I I ~ x - % L ) ,  (8) 

with conditions 

Ul(O)=(yo~--huZ)/"-p,  U ~ . ( L ) = ( y ~ - - h b Z ) / 2 p ,  (9) 

dU1 I = kz dUl  (10) 
U~ (tl) = U.z (h), k~ ~ x=h ~ ,x=h 

Sobing system (8), we find the L-transforms of the unknown func- 

tions: 

1 V ch [(h--  x)~l VP] + 

sh ( ~ ,  VTo) (~,ff - hff) .~h (X~ V ~ )  - Iv0 s - ho') ~r (~, V ~ )  

~h iX, ~ V ; )  th (~., V.~) + : t~ (~., V ~ )  J + 

+ 
. . . . . .  th tkt t r b  ;) 4- ~ th (X~ g p )  _ +  

+ s-.I, (.c3, 1/-p) th  (;% g~-) • 

x {  : [sell (LT,  1/S;) ch (l,7~ g ) )  - -  i ]  - -  

-- th (~., VP) sll (1,,3, VP) soil (L3~ tfp)} 

.. { i i ,  0. ,  1/-P)- I -  ~ t i ,  (%..~ ] / ' p ) }  l ,  (11) 
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1 

~- sh [(L - -  x) ~ Vp]  "-i- 

+ (Ub:--  ~b ~) ch (~ g ~ )  - x 

x j + 

+ 7 ~ ~[ sh [(L - ~) ;B~sh 1/p](k~ g~)It - -  ch (kl I/p)] + 

+{ ~ht(L--~)3~ V~lsh(kl gm x 
x[~ - -  s(~h (ki VP-) + : th (k~ g p ) t h  (k~ l/-p)l } x 
x (Sl~ (k~ I/)) it ~, (;,.~ g ~ )  + : th (k~ V~)]  }-' + 

[ 
s h  [(g 3~ 

ch (~, V-3) 
x {~ [seh (gg~ l / T )  eh ( h ~  I / P )  - l ] -  

-- ul (xl VT) sh (h~2 l /Z) sc~ (g~2 V ) ) }  x 

X { ttl (~,1 ]/ ,P) @ : th (X2 Vt))} i. 

Here 

k~a,,. 

(12) 

31 = a T '  ~T' kl.= 37 '  k2= -&-.(13) 

To conver t  to the inverse  transforms, we use the R i e m a n n - M e l l i n  

conversion formula,  according to which 

"c+ioo 
i 

u5(x, t ) = ~ [  f U j ( x , p )  e p t d p .  (14)  
y--ico 

The  in tegra ls  ob ta ined  by subst i tu t ing in  (14) the expressions for 

Ui and U2 from (11) and ( t2 )  may  be eva lua ted  by going over  to a 

closed contour and applying the residue theorem.  According to Cau-  

chy 's  theorem,  the de t e rmina t i on  of these in tegra ls  reduces to eva lm 

t ion  of  the  sum of the residues wi th  respect  to s impIe  poles of  the  in-  

tegrand corresponding to the roots of  the t ranscendenta l  equat ion  

th (kl g p ) +  ~ t~ (k2 V~)  = 0. (18) 

One of the roots of (15) is p = 0. The r e m a i n i n g  roots are rea l  
2 

n e g a t i v e  numbers p = - a .  
Subst i tut ing the c i r cu l a r  for the hyperbol ic  t angent  in  (15) and 

t ak ing  into account  i ts  property of  per iodic i ty ,  we get  

tg (ak 1 + ~m) + a tg (ak: + .~s) = O, (16) 

where m and s are any integers .  
Equat ion (16) has an infinite set of  rea l  roots a~, c~ 2, a s . . . . .  

which are distr ibuted s y m m e t r i c a l l y  with respect  to the coord ina te  

or ig in  and do not  recur; to each  pos i t ive  root there  corresponds an 

equa l  n e g a t i v e  root. 
In the genera l  case the roots of  (16) can  be found g rapMca l ly  as 

the abscissas of the points of  in te rsec t ion  of the  curves 

y ~ t g k l x ,  y : :  - - a t g k ~ x .  

In a number  of  cases the t r anscenden ta l  t r i gonomet r i c  equa t ion  

(16) reduces to an a lgebra i c  equat ion.  

Without xcriting down the inverse  transforms, we arr ive  at  the 

f ina l  form of  the equa t ion  of  the curve  of ground-water  depression 

under the combined  ac t ion  of a b i l a t e r a l  reservoir  head and i r r iga t iom 

in zone 1 

yl~(x ,  t) y2 -- 2ai ~ l e x p ( - -  %~t) 
s in  (r / a l )  

(yo ~ - -  ho') see (a,,~,t) - -  (yb :~ - -  ~,b ~) see (u,,)@ / 
11 see"- (~,~),l) - - / 'h  ' k~& s('C ~: (Un~,~) 

co 
--4al~ b',  ~ e x p ( - - a n 2 t  ) s i n ( % x / a  D Z 

w~*a~ [sec (%k , )  - -  11 - -  .'./; :a~ Ise( ' (a,,k~) - -  1 ] 
x , (~7) 

[1 see 2 (~,2)*1) { ]"] /;2 [2 Hoe2 (~rl~2) 

in zone 2 

y22(x, t ) = ~  2 2~a 1 s l exp(  %,~t) ~ i n [ ~ ( L - ~ )  a~] ~ 
Y/~, ~. - -  ~ cos (a,)...) " 

n--I 

:< (y~ - -  hb-" ) sec {:~nZ2) - -  (yo 2 - -  ho 2) see (%k1) _ 

h sec2 (a.)~O i- h'l / k212 sec 2 (ctnZ2) 

~o sin [:~,~(L - -  x) 'a2] 
_ _ 4 a ' a ~  %7 l exp(__~n2t)  X 

],' "2 ~ c~  (~n~'o) r l ':2 n 3 

~,s [soc (u,k2) - -  1] - -  . , , '  a~ [sec (%7. 0 - -  1] 

X h sec z (~nkl)  ~- k, / I,'.,.I.z sec ~" (unX2) (un > O) ,(18) 

y~., := (Yo 2 _ ho ~) ta - -  ~: -4~ lek[ / k~. @ ("(b 2 _ hl~) x + 
t & @ 12kl / k2 ll -}- 12kl / k2 

W2* Xl~ ~ 
\ Ix@ 12kl/k2 , k2 I1-}-l~kl/k2 , 

(L - -  x) ]q / t,.2 1i + (z - -  I,) kl / k~ 
u~, ~ = (yo 2 - -  ho ) h + 4~1 / k2 + (V~ - -  hff) h + h~l / k~ + 

Wl* (L ~- x) l l  2 w2* [ l ] -  1 
+ k2 l l + & k l / k 2  + ~  &~ + Z - - l ~ ) k ' / k 2  

(20) 
The quant i ty  Yk represents the l i m i t i n g  depth of ground water  as 

t --~ ~ under the g iven  condi t ions .  

P ' ~ (  ~ / / / " ~ ' x r = ~ /  

74, 

a'/L / 
Fig. 1 

Let us consider the impor tan t  p rae t i ca !  case of  i r r iga t ion  water  
in f i l t r a t ing  at  the ra te  w* over  the  [nner part of the bed only.  The 

length  of this  portion 10p = x2 - x~, where xl and x 2 are i ts  i n i t i a l  
and end coordinates .  Let x 1 _> 0 and x~ = ll, i . e . ,  the  end of  the i r r i -  

ga ted  sec t ion  co inc ides  wi th  the in t e r f ace  be tween  zones 1 and 2. The  

other  condi t ions  are  as before.  

Applying the  method described,  we get  the fol lowing equat ions for 

the depth of  flow: 

in zone 1 
c~ 

yaZ (x, t) = y~., I - -  2al n~t  ' 1  exp ( - -  %~ut) s in  (%x / al) 
= a n cos (arc)h) X 

(y0 ~ - -  ho ~) sec (%,2h) - -  (yl~ 2 - -  hb2) see (%2@ 
X 

I1 see2 (r + kl / ]D212 S(q '2 (~1~,2) 
co . 

__4w* a13 N~ 1 exp(__~nzt) ,<  
Ict ~ a f 

~ i n ( ~ , , ~ " a O  cos (%~'~ / ~0 see (%~  0 - -  I 
ons (:~,i~l)~ t l sec2(~n~d)  ~ Iq/k21"2s"Ca(~, )~'-) 1 (21) 

in zone 2 

c- 
yee(~, t) ~- .,_ \~  I sin [:~,,(f .-- .v)/ 'a. ,] 

Yk, 2 - - ~ " a t  ..... (,xp( ~,~t) 
,: .:~ ~n cos (:z,~k.2) 

. . (yb ~ - -  hb"- ) see (:{nk2) - -  (!/0 :~ - -  h,'-') ~ec (2,,~u) 

h se, ~ (%~Xp -[ kl / #.,.l.,. s,,,.'; (%~X._,) 

oo 

_ :,~.._~ - = T e x u (  % / )  ;'. 

sin Ix,, (L . . . .  ) / 'a2} I - c o s ( a . x l / a l ) s e r ( a ) ~ t )  
" COS(%;'@ t- s ec . - (1 . )h )+k l / t ; , : l . , s t , e2 (~  k,2 ~ . ( 22 )  
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Here 

y2 __ " l l  ~ X "-~ 12kl / k l  X 
~',t -- (Y ~  h~ lx + l*kx /ka  F ( y~  - -  k,b~) + 11 "~- l~kl / k2 

w* /lip + 21~ka / k~ 
+ -~1 l~ l a+l~kl /k~  + hZe, 1 at 0 ~ z ~ x ~ , ( 2 3 )  

Y~ I = (Yo ~ -  ho~) ll - -  x -~ l~kl / k~ x 

~*r ,o~Z '~ 2"~'/": ] 
(24) 

y~ (L - -  z )  k 1 ] k2 , I i  -~- (x  - -  l l )  k l  / k2 

u'* lop -~- 2 x l  
+ -k-~ lop (L - -  ~) l i  + l ~ / - k ~ -  + h~. o at l~ < z ..< L .  

(25) 

It should be noted that in (2i), (22), as in (17), (18), the summa-  
tion is over  positive roots of  Eq~ (16). 

In the particular case of a homogeneous stratum (k~ = k v u~ = ag, 
o = 1, from (16) there follows 

an  = ~Zna / L ,  (26) 

where n is any positive whole number from 1 to .o. 
Substituting (26) into (21)' (22), we get the equation of the curve 

of ground-water depression in a homogeneous finite stratum under the 
combIned action of  a bilateral reservoir head and locally intensified 
infiltration 

y~ (x, t) Yk ~ - -  (Yl~ - -  ~ 2 ---i n exp sin x n x  = h N) _ ~  ~ ( ~  a~n2v) L 

oo' 

2 ~ ~_ exp (- -  ~2n*r) sin xn (L - -  x) - -  (V82 - -  he~) ~ L 

co 
__2 w* LS t ~.. t [ x n ( x + x l )  -~- z..a ~ -  exp (--  # n ~ )  sin L 

t t = l  

- -  sin L "t- s in ~ sin , (27) 

where ~" = a z t / L  z is the Fourier number, dimensionless t ime.  
Expressions for Yk for the irrigated and unirrigated parts of  the  

bed follow from (23)-(25) if one sets kx = kv 

The graph of the special function 

P = - ~ 3  ~ exp ( -  a2n~ sin ~nx 
L 

n =.= 1 

is shown in Fig. 2. At values v > 0.3 it is perfectly sufficient to con- 
fine oneself to the first term of the series. 

The graph of the function 
oo 

2 1 1 . n n x  . . . .  exp (-- no-t~2r) sin - -  5' ~ N ~  n L 
7t== l 

is given by N. N. Verigin in [9]. 
In conclusion, we note that the obtained solutions also extend m 

the case where the flow is bounded not by a reservoir but by a main 
irrigation ditch or a horizontal ideal drain. 

The author thanks N. N. Verigin for his interest and valuable 
advice. 

REFERENCES 

1. P. Ya. Polubarinova-Kochina, "Non~ceady motions of ground 
water in seepage from reservoirs, " PMM, vol. 13, no. 2, 1949. 

2. P. Ya. Polubarinova-Kochina, "Dynamics of ground water in 
irrigation areas, " PMM, vol. 15, no. 6, 1951. 

3. N. N. Verigin, "Nonsteady movement  of ground water near 
reservoirs, " DAN SSSR, vol. 66, no. 6, 1949. 

4. N. N. Verigin, "Ground-water flow with locally intensified 
infiltration, " DAN SSSR, vol. 70, no. 5, 1950. 

5. S. F. Aver'yanov, "Seepage from ditches and its effect on 
ground water, " collection: Effect of Irrigation Systems on Ground 
Water Conditions [in Russian], Izd-vo AN SSSR, 1956. 

6. F. M. ~chever ,  "Hydrogeological design of water-intake 
structures in nonhomogeneons aquifers, " Collected papers of t h e  In- 
stitnte of  Hydrogeology [in Russian], Str0lizdat,  1964. 

7. A. M. Efros and A. M. Dans Operational Calculus and 
Contour Integrals [in Russian], Cos. nanchao-tekhn, izd. Ukrainy, 
Kharkov, 1937. 

8. H. S. Carslaw and J, C. Jaeger, Operational Methods in Ap- 
plied Mathematics,  Dover, 1948. 

9. N. N. Verigin, "Movement of  ground water near reservoirs, " 
Gidrotekhnicheskoe stmitel 'stvo, no. 4, 1952. 

10 December 1964 Dnepropetrovsk 


